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RELATIVISTIC ELASTICITY OF RIGID RODS AND STRINGS
JOSE´ NATA´RIO
Abstract. We show that the equation of motion for a rigid one-dimensional
elastic body (i.e. a rod or string whose speed of sound is equal to the speed of
light) in a two-dimensional spacetime is simply the wave equation. We then
solve this equation in a few simple examples: a rigid rod colliding with an
unmovable wall, a rigid rod being pushed by a constant force, a rigid string
whose endpoints are simultaneously set in motion (seen as a special case of
Bell’s spaceships paradox), and a radial rigid string that has partially crossed
the event horizon of a Schwarzschild black hole while still being held from the
outside.
Introduction
Relativistic elasticity in its modern form was originally formulated by Carter
and Quintana [CQ72], and further developed in [Mau78, KM92, TZ98, BS02, KS03]
(see also [WP06]). It has been used to compute the speed of sound in relativistic
solids [Car73, Ben85] and to study elastic equilibrium states [Par00, KS04, ABS08,
ABS09, BCV10, AC14, BCMV14] or dynamical situations [Mag97, Mag98, CH07].
Here we consider one-dimensional elastic bodies moving in two-dimensional space-
times (typically totally geodesic Lorentzian submanifolds of four-dimensional space-
times). In this case the relativistic elasticity theory is much simpler than in the
general case, and we develop it ab initio for the convenience of the reader. If we
further require our elastic bodies to be rigid, that is, to have a speed of sound equal
to the speed of light, then we are led to a unique elastic model (considered previ-
ously, albeit in a non-geometric framework, in [JW52, McC52, BF03]). Moreover,
the equation of motion turns out to be simply the wave equation, which in two
dimensions has an explicit solution when written in conformal coordinates. This
allows us to obtain closed form solutions for many interesting problems.
The organization of the paper is as follows: in Section 1 we develop the general
theory of one-dimensional elastic bodies moving in two-dimensional spacetimes, and
find the equation of motion for rigid elastic bodies. There is an interesting connec-
tion with conformal coordinate systems, which we exploit to obtain static solutions
in general static spacetimes and expanding solutions in general cosmological space-
times. In Section 2 we solve the wave equation for the problem of a semi-infinite
rigid rod in Minkowski spacetime colliding with an unmovable wall. This basic
result is then used in Section 3 to construct the solution representing a finite rigid
rod colliding with an unmovable wall. We note that this can be used to analyze
the celebrated car and garage paradox, since we can now model what happens to
the car after colliding with the garage’s back wall. The same system, conveniently
reinterpreted, is used in Section 4 to describe a rigid rod being pushed by a con-
stant force. In Section 5 we piece together different versions of the basic solution
to represent a rigid string whose endpoints are simultaneously set in motion. This
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can be seen as a special case of the celebrated Bell spaceships paradox, where now
we can model exactly what happens to the string connecting the two spaceships.
Finally, in Section 6 we use the conformal Kruskal-Szekeres coordinates to study a
radial rigid string that has partially crossed the event horizon of a Schwarzschild
black hole while still being held from the outside.
We follow the conventions of [MTW73]; in particular, we use a system of units
for which c = G = 1.
1. String theory
We will be concerned with one-dimensional elastic bodies moving in a two-
dimensional spacetime (M, g) (typically a totally geodesic Lorentzian submanifold
of a four-dimensional spacetime). Such objects may be thought of as either rods
or strings (depending on the situation), but for the sake of definiteness we will call
them strings in this section.
In the spacetime (or Eulerian) picture, a string can be described by a scalar
field λ : M → R with nonvanishing gradient, whose level sets are the worldlines of
the string particles1. The local rest spaces of these particles are determined by the
gradient of λ, and so their two-velocity is
(1) uα =
1
n
εαβ∇βλ,
where εαβ is the two-dimensional volume element (with an orientation choice such
that uα is future-pointing) and n2 = |gradλ|2 = ∇αλ∇αλ. We assume that n2 = 1
for the unstretched string, so that s = 1/n is the local stretch factor. Since we are
in two dimensions, the (non-null) stress-energy tensor of the string is necessarily of
the perfect fluid form
(2) Tαβ = (ρ+ p)uαuβ + pgαβ ,
and we assume that the energy density ρ = ρ(n) and the pressure2 p = p(n) are
functions of n only. From energy-momentum conservation we obtain
(3) ∇αTαβ = 0⇔ [∇u(ρ+ p) + (ρ+ p) div u]uβ + (ρ+ p)∇uuβ +∇βp = 0,
which upon contracting with uβ yields
(4) p = − ∇uρ
div u
− ρ = −
(∇un
div u
)(
dρ
dn
)
− ρ.
Taking the divergence of (1) leads to
(5) div u = −∇αn
n2
εαβ∇βλ+ 1
n
εαβ∇α∇βλ = − 1
n
∇un
(since the volume element is covariantly constant and ∇α∇βλ is symmetric), and
so (4) becomes
(6) p = n
dρ
dn
− ρ.
1Note the difference between these macroscopic strings and the (pre-quantized) strings of string
theory, whose action is invariant under reparameterizations: for the latter one does not keep track
of the motion of their individual points, and so they have no degrees of freedom in a 2-dimensional
spacetime.
2Since we are dealing with a two-dimensional spacetime, this pressure is actually a force –
tension (p < 0) or compression (p > 0) of the string.
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Therefore the choice of the function ρ = ρ(n) (which we will call the elastic law)
completely fixes the pressure p = p(n). Although there are many possible choices
for elastic laws, a particularly simple one is that leading to a rigid string, that is,
a string for which the speed of sound is equal to the speed of light. This condition
can be written as [Chr07]
(7)
dp
dρ
= 1⇔ ρ = p+ ρ0,
where ρ0 > 0 is a constant (the string’s linear rest density when relaxed). Using
(6) we obtain
(8) n
dρ
dn
= 2ρ− ρ0,
which is easily integrated to give
(9) ρ =
ρ0
2
(
n2 + 1
)
(assuming p = 0, hence ρ = ρ0, for n = 1). Equation (6) then yields
(10) p =
ρ0
2
(
n2 − 1) .
Note that ρ ≥ |p|, that is, the dominant energy condition is satisfied. Equations (9)
and (10), first obtained by Hogarth and McCrea [JW52, McC52], completely char-
acterize the rigid string. To obtain its equation of motion we write the energy-
momentum tensor as
(11) Tαβ =
ρ0
2
[(
n2 + 1
)
uαuβ +
(
n2 − 1) 1
n2
∇αλ∇βλ
]
.
Using the identity3
(12) gαβ = −uαuβ + 1
n2
∇αλ∇βλ,
we find
(13) Tαβ = ρ0
(
∇αλ∇βλ− 1
2
∇µλ∇µλ gαβ − 1
2
gαβ
)
,
which, apart from the covariantly constant term proportional to gαβ , is just the
energy-momentum tensor for the massless scalar field. As is well known (and easily
checked), we have
(14) ∇αTαβ = 0⇔ ∇βλλ = 0,
and so, since gradλ 6= 0, we see that the equation of motion for the rigid string is
simply the wave equation4
(15) λ = 0.
3This identity is immediate from the fact that u and 1
n
gradλ form an orthonormal basis; it can
also be obtained by direct substitution using εαβεµν = −gαµgβν + gανgβµ and n
2 = ∇αλ∇αλ.
4It may seem that the requirement that gradλ be spacelike will render this equation effectively
nonlinear; however, it can be checked from the general solution (36) of the wave equation in one
spatial dimension (valid for general harmonic coordinates) that the zeros of | gradλ|2 occur along
null lines, and so if grad λ is spacelike on the initial data then it is automatically spacelike on the
corresponding domain of dependence.
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Since gradλ is nonvanishing and spacelike, λ forms part of a conformal system
of (necessarily harmonic) coordinates. Indeed, it is possible (assuming M simply
connected) to find a function τ : M → R such that
(16) ∇ατ = εαβ∇βλ,
because the one-form εαβ∇βλ is closed:
(17) εαβ∇α (εβµ∇µλ) = εαβεβµ∇α∇µλ = δαµ∇α∇µλ = λ = 0,
where we used
(18) εαβεβµ = δ
α
µ.
Moreover, we have
(19) τ = ∇α∇ατ = ∇αεαβ∇βλ = εαβ∇α∇βλ = 0,
and so the function τ also satisfies the wave equation. Finally,
(20) ∇ατ ∇ατ = εαβεαµ∇βλ∇µλ = −δ µβ ∇βλ∇µλ = −n2,
and so the metric g in the harmonic coordinates (τ, λ) is written
(21) ds2 =
1
n2
(−dτ2 + dλ2) .
This provides an interesting interpretation for conformal coordinates in two-dimensional
spacetimes: they can be thought of as being associated to a rigid string, with the
time coordinate determining its simultaneity lines, the spatial coordinate determin-
ing the worldlines of its points, and the conformal factor yielding the square of the
stretch factor.
For static spacetimes, for instance, we can always find a coordinate system such
that the metric is written in the form
(22) ds2 = −e2φ(x)dt2 + dx2.
Defining the new spatial coordinate
(23) y =
∫
e−φ(x)dx
we then have
(24) ds2 = e2φ(y)(−dt2 + dy2),
and so there exist static rigid strings with stretch factor given by eφ. This can be
readily used to construct static solutions of the wave equation (15) describing, for
instance, radially hanging rigid strings in the Schwarzschild spacetime.
As a second example, cosmological solutions often admit totally geodesic 2-
dimensional Lorentzian submanifolds with line element
(25) ds2 = −dt2 + a2(t)dx2.
Introducing the conformal time coordinate
(26) τ =
∫
dt
a(t)
leads to
(27) ds2 = a2(τ)(−dτ2 + dx2),
and so there exist rigid strings whose points follow the Hubble flow and whose
stretch factor is, as one would expect, the cosmological radius a.
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As an aside, we note that it is possible to extend part of the above results to
strings with arbitrary (constant) speed of sound c < 1: the density and pressure
are in this case given by5
ρ =
ρ0
1 + c2
(
nc
2+1 + c2
)
,
p =
ρ0c
2
1 + c2
(
nc
2+1 − 1
)
,
and λ satisfies the nonlinear wave equation
(28) λ+
c2 − 1
n2
∇αλ∇βλ∇α∇βλ = 0.
This equation can be thought of as a wave equation for an acoustic metric h, whose
inverse h−1 is determined by
(29) hαβ = gαβ +
c2 − 1
n2
∇αλ∇βλ.
Note that in the string’s local orthonormal rest frames (with respect to the space-
time metric g) the inverse acoustic metric h−1 is represented by diag(−1, c2).
2. Hitting a wall
It is instructive to analyze simple motions of rigid rods or strings in familiar
spacetimes. As a first example, we consider a semi-infinite rod in Minkowski space-
time, initially relaxed and moving with velocity v along the x-axis, before colliding
with an unmovable wall located at x = 0. If we set
(30) dλ = λ˙ dt+ λ′dx
then velocity of the points in the rod is given by
(31) dλ = 0⇔ dx
dt
= − λ˙
λ′
,
and so before the collision we must have
(32) − λ˙
λ′
= v and − λ˙2 + (λ′)2 = 1,
that is,
(33) λ˙ = −γv and λ′ = γ,
where
(34) γ =
1√
1− v2
is the usual Lorentz factor. Assuming that the collision occurs at t = 0, we must
then solve the following initial-boundary value problem:
(35)


λ = 0 (t > 0, x < 0)
λ(0, x) = γx (x < 0)
λ˙(0, x) = −vγ (x < 0)
λ(t, 0) = 0 (t > 0)
5The dominant energy condition still holds in this case, as is easily seen if one writes it in the
form 0 ≤ n dρ
dn
≤ 2ρ.
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Using the general form of the solution of the wave equation in one spatial di-
mension6,
(36) λ(t, x) = f(x− t) + g(x+ t),
one easily obtains from the initial condition
(37) f(x) =
1
2
γ(1 + v)x and g(x) =
1
2
γ(1 + v)x (x < 0),
and from the boundary condition
(38) g(t) = −f(−t) = 1
2
γ(1 + v)t (t > 0).
Therefore the solution to (35) is
(39) λ(t, x) =
{
γ(x− vt) (t > 0, x < 0, x+ t < 0)
γ(1 + v)x (t > 0, x < 0, x+ t > 0)
The worldlines of the particles in the rod (level sets of λ) are depicted in Figure 1.
We see that there is a compression wave propagating from the collision event (t, x) =
(0, 0) through the rod at the speed of light, represented by the line x+t = 0. Before
being reached by the compression wave (region I in Figure 1), the points in the rod
are moving with velocity v and are not compressed:
(40) n2 = |dλ|2 = −v2γ2 + γ2 = 1.
t
x
I
II
Figure 1. Spacetime diagram for the collision of a semi-infinite
rigid rod with an unmovable wall.
6Note that this may lead to weak (not even C1) solutions of the wave equation; such solutions
are not physically problematic, since energy-momentum conservation holds.
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After being reached by the compression wave (region II in Figure 1), the points of
the rod are at rest with respect to the wall and compressed:
(41) n2 = |dλ|2 = γ2(1 + v)2 = (1 + v)
2
1− v2 =
1 + v
1− v > 1,
and so
(42) p =
ρ0
2
(n2 − 1) = ρ0v
1− v > 0.
Note that the difference between the unstressed region I and the constantly stressed
region II is merely the spacing between the (straight) level sets of λ. From (21) it
is clear that constant stress is only possible in flat spacetime (where there are no
tidal forces), and that in this case λ is necessarily an affine function of (t, x).
It is possible to construct similar solutions for (28), corresponding to rods with
constant speed of sound c < 1. In these solutions, the compression wave travels
with speed
(43) w = c+
1
2
(c2 − 1)v + 1
24c
(c2 − 1)(5c2 − 3)v2 + . . .
in the rest frame of the wall.
3. Car and garage paradox
The solution of the previous section can easily be adapted to model the collision
of a finite rod with an unmovable wall. Such collisions were analyzed, albeit in a
non-geometric framework, in [JW52, McC52, BF03]. The corresponding spacetime
diagram is depicted in Figure 2, where we assume that the wall is placed at x = l,
the rod has proper length l0 = γl, and the collision occurs at t = 0. By symmetry,
it is clear that as the compression wave reaches the free end of the rod a rarefaction
wave starts propagating backwards7, and the points of the rod start moving away
from the wall with velocity −v. The rod’s length at the instant t = l1+v , when it is
fully compressed, is easily computed to be
(44) lc =
l
1 + v
= l0
√
1− v
1 + v
≡ l0
n
.
This offers an elastic solution to the celebrated car and garage paradox, where
a car longer than a garage is moving fast enough so that it fits inside (by length
contraction in the garage’s frame). The (apparent) paradox is, of course, that in
the car’s rest frame it is the garage which is contracted, and so the car cannot
possibly fit inside. As is well known, the resolution of this paradox hinges on the
different notions of simultaneity: in the car’s frame, the event where the front of
the car hits the garage’s back wall occurs before the event where the rear of the car
passes through the door. The car cannot stop instantaneously at the moment when
it hits the wall; if it is rigid then a compression wave will stop it momentarily, as
shown in Figure 2. Assuming the garage’s door to be located at x = 0, so that the
contracted length l0
γ
of the car is precisely equal to the size l of the garage, then the
car is completely inside (and relaxed) at time t = 0, as seen in the garage’s frame.
In the car’s (initial) frame, however, the set of events simultaneous with the rear
7Note that this allows us to sidestep the highly nonlinear condition n2 ≡ −λ˙2+λ′2 = 1 at the
free boundary.
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t
x
Figure 2. Spacetime diagram for the collision of a finite rigid rod
with an unmovable wall.
of the car going through the door is the line t = vx; thus, in this frame, the front
of the car is already compressed when the rear enters the garage.
Similar solutions for finite rods with constant speed of sound c < 1 can be con-
structed from the corresponding collisions of semi-infinite rods with an unmovable
wall; solutions of this kind were considered in [vdWS07].
4. Pushing a rigid rod
By changing to the rod’s initial rest frame (and reversing the x-axis), we can
reinterpret the solution above as describing a finite rod being pushed by a constant
force for a finite amount of time and then released. Consider, as illustrated in
Figure 3, a finite rod in Minkowski spacetime, initially relaxed and at rest. At time
t = 0 a constant force
(45) p =
ρ0v
1− v
starts to be exerted at the rear end, so that this end starts moving with velocity
v. At the same instant, a compression wave propagates along the rod at the speed
of light, setting all points it reaches in motion with the same velocity v. As the
compression wave reaches the front end of the rod, a rarefaction wave starts prop-
agating backwards, also at the speed of light, setting the points it reaches to move
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t
x
Figure 3. Spacetime diagram for a finite rod being pushed by a
constant force for a finite amount of time.
with velocity
(46) w =
2v
1 + v2
,
while returning the rod to its relaxed state. If the force ceases as the rarefaction
wave reaches the rear end, that is, at time
(47) ts =
2l0
1 + v
,
then the rod is left relaxed and moving with velocity w, so that its length is now
(48) l = l0
√
1− w2 = 1− v
2
1 + v2
l0.
It is interesting to note that the rod’s length at the instant t = l0 when completely
compressed is
(49) lc = l0(1− v) ≡ l0
nγ
< l.
The rod’s length (as measured in its initial rest frame) is plotted in Figure 4 as a
function of time. This offers a picture of how Lorentz contraction is attained in a
physically realistic setting.
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tts
l
l0
l0
lc
Figure 4. Graph for the rod’s length as a function of time.
If the force keeps acting on the rear end then the rod will repeat the same cycle
of compression and rarefaction in its new rest frame. After N cycles it will be
moving with speed
(50) w = tanh(2Nu),
where we set
(51) v = tanh(u).
The duration of each cycle, as measured by an observer comoving with the rear
end, can be seen from (44) to be
(52) 2l0
√
1− v
1 + v
= 2l0e
−u,
and so the proper time measured by this observer after k cycles is
(53) τ = 2Nl0e
−u.
The velocity of the rear end at this instant can then be written as
(54) w = tanh
(
ueu
l0
τ
)
,
meaning that the average proper acceleration is
(55) a =
ueu
l0
.
The force acting on the rod is
(56) p =
ρ0v
1− v = ρ0 e
u sinh(u) = ρ0l0a
sinh(u)
u
= m0a
sinh(u)
u
,
where m0 = ρ0l0 is the rest mass of the relaxed rod, meaning that for u ≪ 1 we
recover the familiar equation
(57) p = m0a.
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5. Bell’s spaceships paradox
We start by considering a semi-infinite string in Minkowski spacetime, initially
relaxed and moving with velocity v along the x-axis, before being held by an irre-
sistible force applied at its end. This situation is dual to that of a semi-infinite rod
colliding with an unmovable wall (Section 1), and a similar analysis leads to the
initial-boundary value problem
(58)


λ = 0 (t > 0, x > 0)
λ(0, x) = γx (x > 0)
λ˙(0, x) = −vγ (x > 0)
λ(t, 0) = 0 (t > 0)
whose solution is
(59) λ(t, x) =
{
γ(x− vt) (t > 0, x > 0, t < x)
γ(1− v)x (t > 0, x > 0, t > x)
The worldlines of the particles in the string (level sets of λ) are depicted in Figure 5.
We see that there is a rarefaction wave propagating from the holding event (t, x) =
(0, 0) through the string at the speed of light, represented by the line t = x. Before
being reached by the rarefaction wave (region I in Figure 5), the points in the string
are moving with velocity v and are not stretched:
(60) n2 = |dλ|2 = −v2γ2 + γ2 = 1.
t
x
I
II
Figure 5. Spacetime diagram for a semi-infinite rigid string being
held at one end.
After being reached by the rarefaction wave (region II in Figure 5), the points of
the string are at rest and stretched:
(61) n2 = |dλ|2 = γ2(1− v)2 = (1 − v)
2
1− v2 =
1− v
1 + v
< 1,
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and so
(62) p =
ρ0
2
(n2 − 1) = − ρ0v
1 + v
< 0.
This solution can easily be adapted to model a finite string being held at one end
by an irresistible force. The spacetime diagram for such a situation is depicted in
Figure 6, where we assume that the string was held at the event (t, x) = (0, 0). By
symmetry, it is clear that as the rarefaction wave reaches the free end of the string a
compression wave starts propagating backwards, and the points of the string start
moving towards x = 0 with velocity −v. If the string has rest length l0 = γl then
its length at the instant t = l1−v , when it is fully stretched, is easily computed to
be
(63) ls =
l
1− v = l0
√
1 + v
1− v ≡
l0
n
.
t
x
Figure 6. Spacetime diagram for a finite rigid string being held
at one end.
The solutions describing a finite rod colliding with an unmovable wall or a finite
string being held at one end by an irresistible force can be patched together to
construct a solution describing a finite string being held at its two ends, as depicted
in Figure 7. The solution is periodic, and the string cycles through states where
it is moving with velocity −v while relaxed, at rest while half compressed and half
stretched8, moving with velocity v while relaxed, and at rest while half stretched
and half compressed.
8By this we mean that the point where the string switches from compressed to stretched is the
midpoint of the relaxed configuration. This is an obvious consequence of the spacetime diagram’s
gliding reflection symmetry.
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t
x
Figure 7. Spacetime diagram for a finite rigid string being held
at its two ends.
By changing to the frame which moves with velocity −v with respect to the
string’s endpoints, we can reinterpret this solution as describing a rigid string ini-
tially at rest whose endpoints start moving with velocity v at time t = 0 (see Fig-
ure 8). This is a simplified instance of the celebrated Bell paradox [DB59, Bel87],
where two identical spaceships connected by a string start moving simultaneously
with the same acceleration profile, thus keeping their separation distance constant.
The (apparent) paradox is that the string will stretch, unlike what may be expected
14 JOSE´ NATA´RIO
t
x
Figure 8. Spacetime diagram for Bell’s spaceships paradox.
at first sight. In the spaceships’ initial rest frame, this is because it must compen-
sate the decrease in length due to Lorentz contraction; in the spaceships’ final rest
frame, this is because the spaceship at the rear is still moving backwards when the
spaceship at the front stops moving. Figure 8, however, shows that things are not
so simple (at least for this model): the string initially becomes stretched at the
front and compressed at the rear, until it reaches a state where it is half stretched
and half compressed, and is never completely stretched. Moreover, the periodicity
of its motion guarantees that it eventually becomes momentarily relaxed and at
rest in the spaceships’ initial rest frame.
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6. Fishing in a black hole
As a final example, we analyze the motion of a radial rigid string that has
partially crossed the event horizon of a Schwarzschild black hole while still being
held from the outside. A related problem was studied in [Bro04], but although the
calculations seem to be correct the final conclusion is unclear. See also [Ega06] for
an analysis involving the Rindler horizon and a different elastic law.
We consider the totally geodesic 2-dimensional submanifold of the Schwarzschild
spacetime obtained by setting the angular coordinates constant (i.e. we only study
motions along a radial direction). If we choose the Schwarzschild radius to be
our length unit, 2M = 1, then the metric of this submanifold in Kruskal-Szekeres
coordinates (t, x) is
(64) ds2 =
4e−r
r
(−dt2 + dx2) ,
where the radius function r = r(t, x) can be computed from
(65) x2 − t2 = (r − 1)er
(see for instance [MTW73]). Assuming that the string is being held at r = r0 and
that it is initially relaxed and at rest with respect to the stationary observers, we
must then solve the following initial-boundary value problem:
(66)


λ = 0 (t > 0, 1 < r < r0)
λ(0, x) = G(x) (0 < x < x0)
λ˙(0, x) = 0 (0 < x < x0)
λ(x0 sinhu, x0 coshu) = G(x0) (u > 0)
Here
(67) x0 = (r0 − 1)
1
2 e
r0
2
is the initial value of the string’s endpoint abscissa, and
(68) G(y) =
∫ y
0
2e−
r
2
r
1
2
dx, with x = (r − 1) 12 e r2 ,
is the proper length function along t = 0 (so that initially dλ2 pulls back to the
spatial Schwarzschild metric, that is, n2 = |gradλ|2 = 1). Although we are solving
the wave equation in the region bounded by the event horizon (the line t = x) and
the timelike curve r = r0 (the hyperbola x
2− t2 = x02), we only require a boundary
condition at the latter, because the event horizon is a null line (see Figure 9).
Using the general form (36) of the solution of the wave equation in one spatial
dimension9, one easily obtains from the initial condition
(69) f(x) = g(x) =
1
2
G(x) (0 < x < x0),
and from the boundary condition
(70) f(x0e
−u) + g(x0e
u) = G(x0) (u > 0),
9Note that the Kruskal-Szekeres coordinates (t, x) are conformal, and so the wave equation
(15) in these coordinates is just the standard Minkowski wave equation λ¨ = λ′′.
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t
x
I
II
x0x− x+x˜+
r = 0
r = r0
Figure 9. Spacetime diagram for fishing in a Schwarzschild black hole.
that is,
(71) g(x) = G(x0)− f
(
x0
2
x
)
= G(x0)− 1
2
G
(
x0
2
x
)
(x > x0).
Therefore the solution to (66) is
(72) λ(t, x) =


1
2
G(x − t) + 1
2
G(x + t) (0 < x+ t < x0)
1
2
G(x − t) +G(x0)− 1
2
G
(
x0
2
x+ t
)
(x0 < x+ t)
We see that the behaviour of the string changes according to whether 0 < x+t < x0
(region I in Figure 9) or x+ t > x0 (region II in Figure 9). In region I, the string
does not yet realize that it is being held at r = r0, and so is in free fall while being
stretched by the tidal forces; in region II, the information that the endpoint is not
free has propagated across the string, and it responds accordingly.
At the horizon we have
(73) λ(t, t) =


1
2
G(2t) (0 < 2t < x0)
G(x0)− 1
2
G
(
x0
2
2t
)
(x0 < 2t)
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In particular, we have
(74) λ
(x0
2
,
x0
2
)
=
1
2
G(x0),
that is, by the time the information that the string is being held reaches the horizon,
half the string has already been swallowed by the black hole. It is also clear that
(75) lim
t→+∞
λ(t, t) = G(x0),
meaning that the whole string will eventually cross the horizon.
It is instructive to compute the stretch factor of the string. For that we set
x− = x− t,(76)
x+ = x+ t,(77)
x˜+ =
x0
2
x+
,(78)
so that the solution to (66) can be written as
(79) λ(t, x) =


1
2
G(x−) +
1
2
G(x+) (0 < x+ < x0)
1
2
G(x−) +G(x0)− 1
2
G (x˜+) (x0 < x+)
Note that x− and x+ are the abscissas of the points where the past null cone of
(t, x) intersects the x-axis. On the other hand, the lines x+ t = x+ and x− t = x˜+
meet on the hyperbola x2 − t2 = x+x˜+ = x02, and so x˜+ can be be found by
reflecting the null line x + t = x+ on this hyperbola before intersecting with the
x-axis (see Figure 9).
If we use (x−, x+) as coordinates, the metric (64) is written as
(80) ds2 =
4e−r
r
dx−dx+,
where
(81) x−x+ = (r − 1)er.
An easy computation then shows that
(82) n2 = |dλ|2 = rer ∂λ
∂x−
∂λ
∂x+
.
Therefore in region I we have
(83) n2 =
1
4
rerG′(x−)G
′(x+)
which we rewrite as
(84) n4 =
r2
r−r+
e2r−r−−r+ ,
with r± = r(0, x±). This can be further simplified by using (65) together with
x2− = (r− − 1)er− ,(85)
x2+ = (r+ − 1)er+ ,(86)
x−x+ = x
2 − t2,(87)
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to yield
(88) (r − 1)2e2r = (r− − 1)(r+ − 1)er−+r+ .
This allows us to write (84) as
(89) n4 =
V−V+
V 2
,
where
(90) V (r) = 1− 1
r
is the square of the timelike Killing vector field, and V± = V (r±).
As a consistency check, notice that for t = 0 one has V− = V+ = V (see Figure 9),
and so n = 1, that is, the string is relaxed. At the horizon, equation (89) cannot
be used, since V = V− = 0, but the initial expression (84) with r = r− = 1 yields
(91) n4 =
1
r+
e1−r+ .
Thus we see that n < 1, that is, the string is always stretched at the horizon, and
the stretch factor increases with time (as r+ is increasing).
In region II we have
(92) n2 = −1
4
rerG′(x−)G
′(x˜+)
dx˜+
dx+
=
1
4
rerG′(x−)G
′(x˜+)
x˜2+
x02
,
which we rewrite as
(93) n4 =
x˜4+
x04
r2
r−r˜+
e2r−r−−r˜+ ,
with r˜+ = r(0, x˜+). Again this can be further simplified by using (65), (78), (85)
and (87) together with
(94) x˜2+ = (r˜+ − 1)er˜+
to yield
(95)
x˜4+
x04
(r − 1)2e2r = (r− − 1)(r˜+ − 1)er−+r˜+ .
This allows us to write (93) as
(96) n4 =
V−V˜+
V 2
,
where V˜+ = V (r˜+).
As a consistency check, notice that for x + t = x0 one has V+ = V˜+, and so
equations (89) and (96) agree, that is, n is continuous. At the horizon, equation (96)
cannot be used, since V = V− = 0, but the initial expression (93) with r = r− = 1
yields
(97) n4 =
x˜4+
x04
1
r˜+
e1−r˜+ .
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Thus we see that n < 1, that is, the string is always stretched at the horizon, and
moreover n tends to zero along the horizon (as r˜+ → 1 and x˜+ → 0). At r = r0
one has V˜+ = V− (see Figure 9), and so
(98) n4 =
V 2−
V 2
,
that is, the string is stretched, and the stretch factor increases with time, approach-
ing +∞ (as V− is decreasing and tends to 0).
It is possible to prove that, except for t = 0, the string is always stretched. For
that we change to the coordinates (r−, r+); taking the partial derivative of (88)
with respect to r− yields, after some algebra,
(99)
∂r
∂r−
=
1
2
V−
V
.
It is then easy to compute that
(100)
∂
∂r−
(
V−
V 2
)
=
1
V 2
(
1
r2−
− 1
r2
)
> 0
(r > r− as r increases along outgoing light rays). Since neither V+ nor V˜+ depend
on r−, we see from (89) that both in region I and in region II we have
(101)
∂n
∂r−
> 0.
The level sets of r+ are incoming light rays; since r− decreases along these rays, we
see that n also decreases along them. Because n = 1 in the initial state t = 0 and
n < 1 at r = r0, we conclude that n < 1 throughout (except for t = 0).
Similar computations yield
(102)
∂r
∂r+
=
1
2
V+
V
,
and so
(103)
∂
∂r+
(
V+
V 2
)
=
1
V 2
(
1
r2+
− 1
r2
)
< 0
(r < r+ as r decreases along ingoing light rays). Since V− does not depend on r+,
we see from (89) that in region I we have
(104)
∂n
∂r+
< 0.
The level sets of r− are outgoing light rays; since r+ increases along these rays, we
see that n decreases along them. So n decreases along any future-pointing causal
direction in region I.
In region II we can use (r−, r˜+) as local coordinates. By differentiating (94)
with respect to r˜+ we obtain
(105)
∂
∂r˜+
(
x˜2+
)
= r˜+e
r˜+ .
Using this formula to take the partial derivative of (95) with respect to r˜+ yields,
after some algebra,
(106)
∂r
∂r˜+
= −1
2
V˜+
V
.
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It is then easy to compute that
(107)
∂
∂r˜+
(
V˜+
V 2
)
=
1
V 2
(
1
r˜2+
+
1
r2
)
> 0.
Since V− does not depend on r˜+, we see from (96) that in region II we have
(108)
∂n
∂r˜+
> 0.
The level sets of r− are outgoing light rays; since r˜+ decreases along these rays, we
see that n also decreases along them. So n also decreases along any future-pointing
causal direction in region II.
To summarize, we have proved that n decreases along any future-pointing null
line (either ingoing or outgoing), and consequently along any future-pointing causal
direction. Since n is decreasing and tends to zero along r = r0 (to the future),
we conclude that n decreases towards zero (and so the string’s tension increases
towards infinity) along any future-pointing causal curve that does not cross the
event horizon10 nor r = r0. Note that although our mathematical model does not
contemplate the string breaking, any physical string will certainly do so.
Conclusion
We conclude by briefly recapitulating our results. We showed that the equation
of motion for a rigid rod or string in a two-dimensional spacetime is simply the wave
equation. We then solved this equation to analyze the collision of a rigid rod with an
unmovable wall, and found that the points in the rod are instantaneously stopped
by a compression wave propagating at the speed of light from the collision event.
As the compression wave reaches the rear end of the rod, a rarefaction wave starts
propagating back towards the front, also at the speed of light, setting the points in
the rod in motion away from the wall with minus their initial velocity. This sheds
light on the celebrated car and garage paradox: when the rear of the car enters
the garage the front is about to hit the back wall in the garage’s frame, but it has
already hit the wall (and is compressed) in the car’s initial frame. The same solution
can be used to analyze the motion of a rigid rod being pushed by a constant force.
In this case the velocity of the points in the rod is piecewise constant and jumps
discontinuously (by small increments under ordinary conditions) as compression
and rarefaction waves reflect back and forth along the rod at the speed of light. An
even more complicated pattern of compression and rarefaction waves occurs when
the endpoints of a rigid string are simultaneously set in motion (which can be seen
as a particular case of Bell’s spaceships paradox). In this case, unlike what might
be expected, the string is never completely stretched, and in fact it even becomes
momentarily relaxed. Finally, we analyzed a radial rigid string that had partially
crossed the event horizon of a Schwarzschild black hole while still being held from
the outside. We found that (i) eventually the whole string will cross the horizon,
(ii) the force necessary to hold the string increases indefinitely, and (iii) the tension
of the string increases along any future-pointing causal direction.
10This is true also for the event horizon, where n is positive – see equation (97).
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